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THE LOCAL DIMENSION OF A FINITE GROUP OVER A
NUMBER FIELD
JOACHIM KO¨NIG AND DANNY NEFTIN
Abstract. Let G be a finite group and K a number field. We construct a G-
extension E/F , with F of transcendence degree 2 over K, that specializes to all
G-extensions of Kp, where p runs over all but finitely many primes of K. If
furthermore G has a generic extension over K, we show that the extension E/F
has the Hilbert–Grunwald property. The transcendence degree of the extension is
compared to the essential dimension of G over K, and its arithmetic analogue.
1. Introduction
The essential dimension edK(G) of a finite group G is a central notion in algebra
which measures the complexity of all G-extensions of overfields of a given field K
[4]. More precisely, edK(G) is the minimal integer d ≥ 0 for which there exists a
G-extension E/F , of a field F of transcendence degree d over K, such that every G-
extension of L, for every field L ⊇ K, is a specialization of E/F . Here, a G-extension
E/F is an extension of e´tale algebras with Galois group G, and specialization is the
usual procedure of tensoring with a residue field, see §2.1.
The (essential) parametric dimension pdK(G) is an analogous notion in arithmetic
geometry which measures the complexity of all G-extensions of K itself. More pre-
cisely, pdK(G) is the minimal integer d ≥ 0 for which there exist finitely1 many
G-extensions Ei/Fi, i = 1, . . . , r, with Fi of transcendence degree d over K, such
that every G-extension of K is a specialization of Ei/Fi for some i. In general,
pdK(G) ≤ edK(G), and pdK(G) < edK(G) is possible even over the rationals K = Q,
see §A. Over number fields K, the inequality pdK(G) > 1 is known for various classes
of groups G, see [9, 22, 24, 20], but in general pdK(G) remains a mysterious invariant.
In the case whereK is a number field, the natural arithmetic approach to parametriz-
ing G-extensions L/K is to first parametrize their completions Lp := L ⊗K Kp,
where p runs over primes of K. It is conjectured2 [6] that for every finitely many G-
extensions L(p)/Kp, p ∈ S, there exists a G-extension L/K such that L⊗KKp ∼= L(p)
1The motivation behind allowing finitely many G-extensions as opposed to one comes from
rational connectedness, see Remark A.2. Alternative definitions may require other properties from
Fi. The notion can also be compared with the arithmetic [30] and generic dimensions [19, §8.5].
2This is a special case of the more general conjecture in [6] relevant toG-extensions, cf. [17, 14, 26].
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2 JOACHIM KO¨NIG AND DANNY NEFTIN
for all p ∈ S \ T , where T = T (G,K) is a finite set of “bad primes” depending
only on G and K. In this setting, the set of G-extensions L(p)/Kp, p ∈ S is called a
Grunwald problem, L is called a solution to it, and the conjecture is known for many
solvable groups G, see [18] and [29, Theorem 9.5.9]. The conjecture implies that
finitely many G-extensions Ei/Fi, i = 1, . . . , r which specialize to every G-extension
of K, also specialize to every G-extension of Kp, for all but finitely many primes p
of K. This motivates defining the (essential) local dimension ldK(G) of G over K
as the minimal integer d ≥ 0 for which there exist finitely many G-extensions Ei/Fi,
i = 1, . . . , r, with Fi of transcendence degree d over K, such that every G-extension
of Kp is a specialization of some Ei/Fi, for all but finitely many primes p of K. In
particular, pdK(G) ≥ ldK(G) when the conjecture holds.
Grunwald problems are a topic of independent interest inspired by the inverse Ga-
lois problem (IGP) and the crossed product construction [1, §11]. To parametrize
solutions to Grunwald problems, we say that extensions Ei/Fi, i = 1, . . . , r have the
Hilbert-Grunwald property if every Grunwald problem L(p)/Kp, p ∈ S for G, with S
disjoint from a finite set of primes T = T (E1/F1, . . . , Er/Fr), has a solution within
the set of specializations of Ei/Fi, i = 1, . . . , r. In this context, the quantity of inter-
est is the Hilbert–Grunwald dimension hgdK(G) of G over K, that is, the minimal
integer d ≥ 0 for which there exist finitely many G-extensions Ei/Fi, i = 1, . . . , r,
with Fi of transcendence degree d over K, having the Hilbert–Grunwald property.
Clearly, hgdK(G) ≥ ldK(G), and equality is possible in general, see Remark 4.3.
The Hilbert–Grunwald property was first studied by De`bes–Ghazi [10] for a sin-
gle K-regular G-extension E/K(t) and Grunwald problems consisting of unramified
extensions. Considering ramified extensions, [24] shows that ldK(G) > 1 and hence
hgdK(G) > 1 for every group G containing a noncyclic abelian subgroup [24]. The
notion of Hilbert–Grunwald dimension was first alluded to in [20, §4], which gave
examples of (elementary abelian) groups with hgd(G) ≤ 2 and arbitrarily large es-
sential dimension, giving rise to the question whether or not this invariant could ever
be larger than 2.
We show that in fact ldK(G) ≤ 2 holds in general, and hgdK(G) ≤ 2 holds if G
has a generic extension over K:
Theorem 1.1. Let K be a number field and G be a finite group.
(1) There exists a G-extension E/F , with F of transcendence degree 2 over K, such
that every G-extension of Kp is a specialization of E/F , for every prime p of K
outside a finite set T .
(2) If G admits a generic extension over K, then (a) F can be chosen purely tran-
scendental over K, and (b) every Grunwald problem L(p)/Kp, p ∈ S\T has a solution
within the set of specializations of E/F .
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We note that although the assumption of local global principles (LGP) for certain
varieties would imply pdK(G) = ldK(G) = 2 (see Remark A.3), we expect pdK(G) to
be arbitrarily large as G varies over finite groups. Theorem 1.1 and this expectation
give a quantitative meaning to the assertion that the “local complexity” of the Galois
theory of a given finite group is in general much less than the corresponding “global
complexity”. However, very little is known about groups G with pdK(G) > 2.
The heart of the proof of Theorem 1.1, given in Section 3, constructs extensions, of
transcendence degree 2 over K, that specialize to all tamely ramified local extensions
with prescribed Galois group D and inertia group I. Previous works [2, 24] give
necessary conditions on such extensions depending on the local behavior at branch
points. Here we give sufficient conditions on such extensions to maintain this local
behavior under specialization, cf. Proposition 3.7. These conditions are achieved via
the construction of transcendence degree 1 extensions that specialize to all unramified
local extensions with group D/I and embedding these into suitable transcendence
degree 2-extensions, cf. Corollary 3.4.
The constructed extensions E/F in fact have the stronger property of specializing
to all G-extensions of K ′p′ for all but finitely many primes p
′ of any finite extension
K ′/K. Thus, they relate to the notion of “arithmetic dimension” introduced by
Mazur and O’Neil, see Remark 4.6.
The assumed existence of a generic extension for G over K in part (2) is equivalent
to the retract rationality of the variety X := An/G, for G ≤ Sn [19, Theorem 5.2.3].
This property is known to hold for many groups, cf. [19], and most classically for
G = Sn. In fact, in the proof of Theorem 1.1 this assumption on X can be relaxed
to a (two dimensional) weak approximation property, see Remark 4.4. Moreover,
upon replacing the single G-extension E/F in Theorem 1.1 with finitely many G-
extensions Ei/Fi, i = 1, . . . , r, we expect that this weak approximation property
would hold for many more groups G, see Remark 4.8.
Finally, we note that the notion of local dimension can be defined analogously
for others fields K equipped with (infinite) sets of valuations. The specialization
methods developed in Section 3.2, and the more basic Section 2.4, are expected to
be applicable over various other fields K. It would be interesting to see how invariants
such as pdK(G) or ldK(G) change as K varies, cf. Remark B.5.
The first and second author were supported by the National Research Foundation
of Korea (grant no. 2019R1C1C1002665) and the Israel Science Foundation (grant
no. 577/15), respectively.
2. Preparations
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2.1. Notation. Let K be a field of characteristic 0. Let K denote the algebraic
closure of K, let µe the e-th roots of unity in K, and GK := Gal(K/K) the absolute
Galois group of K. In Section 1, the notion of a G-extension refers to an e´tale
algebra L that is Galois over K with Galois group G. Such an algebra decomposes
as L = L1 ⊕ · · · ⊕ Lr for mutually K-isomorphic fields L1, . . . , Lr, which are Galois
over K with Galois group H ≤ G (of index r). Call L1 the field underlying L.
In the case where K is the fraction field of a Dedekind domain R and p is a
prime ideal of R, we denote by Kp the completion of K at p. For a G-extension
L = L1 ⊕ · · · ⊕ Lr/K of e´tale algebras and a prime p of K unramified in L/K,
the residue extension (L ⊗R (R/p))/(R/p) of L/K at p is again a G-extension of
e´tale algebras. We call the field underlying L ⊗R (R/p) the residue field of L at p.
Henceforth, we consider only G-extensions of fields.
Morphisms and function fields. Let F be a function field in finitely many variables
with constant field K, and let ϕ : GF → G be an epimorphism. The fixed field
E of kerϕ is then Galois over F with Galois group G. We may then choose a
morphism f : X → Y of (smooth quasiprojective irreducible) varieties over K such
that E and F are the function fields of X and Y , respectively. Note that Y is
absolutely irreducible, whereas X is irreducible over K, but not necessarily absolutely
irreducible. For short, call such f a Galois cover with group G. The epimorphism ϕ
factors through an epimorphism ϕ′ : pi1(Y ′)K → G from the K-fundamental group
of Y ′ := Y \D (where D ⊂ Y is the branch divisor of f). One says that ϕ (or ϕ′)
represents f .
The morphism of constants ϕK of ϕ (resp. ϕ
′) is the natural projection ϕK : GK →
GK/N , where N is the image of kerϕ under the natural projection GF → GK (resp.
pi1(Y
′)K → GK). The fixed field of kerϕK is then the constant field of the fixed
field E of kerϕ. We shall say that ϕ (or equivalently, E/F , or f) is K-regular if
kerϕK = GK (or equivalently, if ϕ(pi1(Y
′)K) = G). This condition ensures that
kerϕ · pi1(Y ′)K = pi1(Y ′)K , and hence E = F
kerϕ
is linearly disjoint from K.
Specialization. The residue field extension Eν/K of E/F at a degree 1 place ν of F ,
which is unramified in E, is called the specialization of E/F at ν. From the varieties
point of view, every K-rational point t0 ∈ Y (K), away from the branch locus of f ,
induces a section st0 : GK → pi1(Y ′)K to the projection pi1(Y ′)K → GK , and thus a
specialization morphism ϕt0 = ϕ ◦ st0 : GK → G (well defined up to conjugation).
The two notions of specialization correspond to each other in the sense that Et0 is
the fixed field of the kernel of ϕt0 , where ν is the place corresponding to t0 ∈ Y (K).
The key case for us is the one where F = K(t) is a rational function field. For any
t0 ∈ K, denote by t 7→ t0 the place corresponding to the prime (mt0) K[t], where
mt0 is the minimal polynomial of t0 over K. The specialization E(t0)t0/K(t0) is then
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nothing but the residue extension of (the integral closure of K[t] in) E at any prime
Q extending (mt0) in E. We also write Et0/K(t0) instead of E(t0)t0/K(t0). In a
similar vein, when K is the fraction field of a Dedekind domain with prime ideal p,
we shall also write Et0/Kp for the specialization of EKp/Kp(t) at t 7→ t0 ∈ Kp (and
refer to it as the specialization of E/K(t) at t 7→ t0 ∈ Kp).
2.2. ID pairs. Let K be the fraction field of a Dedekind domain R of characteristic
0. A group D and a subgroup I are called an ID (inertia-decomposition) pair over
K if D appears as a Galois group of a tamely ramified field extension Tp/Kp with
inertia group I for some prime p of R. Note that as part of an ID pair, the embedding
I → D is also fixed. The pair is called split if the projection D → D/I splits. For
an ID pair pi = (I,D), let PK(pi) denote the set of primes p for which there exists a
tamely ramified field extension Tp/Kp with Galois group D and inertia group I. It
is well known [16, Theorem 16.1.1] that I D, and that D/I is the Galois group of
the residue extension at p.
The following lemma summarizes basic properties of (I,D) pairs. Let CD(I) denote
the centralizer of I in D. Let σq,e ∈ Aut(K(µe)) denote the automorphism given by
σq,e(ζ) = ζ
q for all ζ ∈ µe. For a prime p of K with finite residue field denote by
N(p) := |R/p| its norm.
Lemma 2.1. Let pi = (I,D) be an ID pair over a fraction field K of a Dedekind
domain R of characteristic 0. Then:
(1) There exists a (unique) homomorphism ηpi : D → Gal(K(µe)/K) such that
I ∼= µe as D-modules, where e = |I|, and I is a D-module via conjugation
while µe is a D-module via ηpi. In particular, ker(ηpi) = CD(I).
(2) Assuming further that K is a number field, D/I and Im(ηpi) are cyclic. More-
over, a prime p of K with norm q is in PK(pi) if and only if 〈σq,e〉 = Im(ηpi).
Proof. Let p  R be a prime and Tp/Kp a tamely ramified extension with Galois
group D and inertia group I.
(1) Since Tp/Kp is tamely ramified, [16, Prop. 6.2.1 and Cor. 16.2.7.(c)] show that
µe ⊆ T Ip and that there is an isomorphism ι : I → µe of Gal(T Ip /Kp)-modules, where
I is a module over Gal(T Ip /Kp) = D/I via conjugation in D. In particular, I is cyclic.
Identifying I and µe via ι, we obtain a homomorphism D → Aut(I) = Aut(µe) via
the conjugation action in D. Let ηpi : D → Aut(K(µe)) be its composition with
the natural inclusion Aut(µe) → Aut(K(µe)), and let Vpi := Im(ηpi) be its image.
Furthermore, Vpi ≤ Gal(K(µe)/K) since D/I = Gal(T Ip /Kp) fixes Kp and hence
K. Since ηpi sends every element d ∈ D, that satisfies τ d = τ q for all τ ∈ I, to
σq,e ∈ Gal(K(µe)/K), the map ηpi is independent of the choice of ι. Hence ηpi is
the unique map with the required property. Note that the kernel of the conjugation
action on I = µe is CD(I), so that ker(ηpi) = CD(I).
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(2) Since R/p is finite, the Galois group D/I of the residue extension is cyclic,
generated by the Frobenius element σ ∈ D/I. As I ≤ CD(I), we have Im(ηpi) ∼=
D/CD(I) is cyclic.
“Only if part”: Without loss of generality we may take p and Tp/Kp to be as above.
Let σ ∈ D be a lift of the Frobenius element σ ∈ Gal(T Ip /Kp) = D/I. Since
〈σ〉 = D/I and σ acts on µe by raising to the power of q = N(p), the element
ηpi(σ) = σq,e generates Vpi.
“If part”: Let Ktrq be the maximal tamely ramified extension of Kq. By Iwasawa’s
theorem [29, Theorem 7.5.3], its Galois group Gtrq = Gal(K
tr
q /Kq) is isomorphic to
the semidirect product 〈τq〉o〈σq〉 where 〈τq〉 is the (procyclic) inertia group, 〈σq〉 ∼= Zˆ
and τ
σq
q = τ qq . Since 〈σq,e〉 = Vpi, there exists d ∈ η−1pi (σq,e) such that 〈dI〉 = D/I.
Therefore the epimorphism φq : G
tr
q → D, given by σq → d and τq → τ for a generator
τ of I, is well defined, is an epirmophism and maps the inertia group to I. 
2.3. Embedding problems. We describe the relevant facts from [29, III.5]. A finite
embedding problem over a field K is a pair (ϕ : GK → G, ε : E → G), where ϕ is
a continuous epimorphism, and ε is an epimorphism of finite groups. A continuous
homomorphism ψ : GK → E is called a solution to (ϕ, ε) if the composition ε◦ψ = ϕ.
A solution ψ is called a proper solution if it is surjective. Two solutions ψ1, ψ2 to
(ϕ, ε) are called equivalent if there exists e ∈ E such that ψ1(σ) = e−1ψ2(σ)e for
all σ ∈ GK . A solution ψ to (ϕ, ε) over L ⊇ K is a solution to (ϕL, ε), where
ϕL : GL → G is an extension of ϕ|Gal(K·L/L) to GL. In case L/K(t) is K-regular and
K1/K is a finite extension, ψ : GL → E is called K1-regular if K1 is the fixed field
of kerψK . In this case, K1/K is the constant extension of L
kerψ
/L.
If (ϕ, ε) has a proper solution ψ (over K), then we may identify E (resp. G) with
Gal(M/K) (resp. Gal(L/K)), where M and L are the fixed fields of kerψ and kerϕ,
respectively. Then ε becomes the restriction map Gal(M/K)→ Gal(L/K).
If A := ker ε is abelian, then G acts on A via conjugation in E, and hence GK acts
on A through ϕ. If further (ϕ, ε) has a solution ψ, Hoechsmann’s theorem implies
that the set of equivalence classes of solutions to (ϕ, ε) is in bijection with classes in
H1(GK , A). More specifically, the bijection attaches to a class [χ] of χ ∈ Z1(GK , A)
the solution χ · ψ : GK → A, σ 7→ χ(σ)ψ(σ).
The embedding problem (ϕ, ε) is called Brauer if the kernel A is isomorphic to
µn as a GK-module for n ≥ 2. In particular, A ∼= µn is fixed by kerϕ. A general
reference on Brauer embedding problems is [27, Chapter IV,§7]. By Kummer theory,
H1(GK , µn) ∼= K×/(K×)n. More explicitely, letting M and L be as above, we have
M = L( n
√
a) for a ∈ L× and the field fixed by ker(χ ·ψ) is L( n√ab) for b ∈ K×/(K×)n
corresponding to [χ].
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2.4. Relating arithmetic and geometric decomposition groups. In this sec-
tion K is the fraction field of a Dedekind domain R of characteristic zero such that
its residue field at every place is perfect. We describe the decomposition group of
a specialization Et0/K at a prime p
′, when t0 ∈ K is p′-adically close to a branch
point t1 of a K-regular G-extension E/K(t), giving a more explicit version of [24].
Let Dt1 (resp., It1) be the decomposition group (resp., the inertia group) of
E(t1)/K(t1, t) at the prime (t − t1)K[t − t1], and let Dt1,p′ be the decomposition
group of E(t1)t1/K(t1) at a prime p
′ of K(t1), so that Dt1,p′ is canonically identified
with a subgroup of Dt1/It1 . Let ϕ : Dt1 → Dt1/It1 be the natural projection.
For a prime p of R, denote by vp : K → Z the associated valuation. If p is not in
a finite set of bad places S1 and t1 is p-integral, [24, Lemma 3.2] associates to it a
unique degree 1 prime p′ = p′(t0, t1, p) extending p to K(t1) such that vp′(t0−t1) > 0,
that is, t0 and t1 meet at p
′.
For a separable monic polynomial P (t, x) ∈ R[t][x], we will denote by ∆x(t) ∈
R[t] the reduced discriminant of P with respect to x, that is, the radical of the
discriminant of P with respect to x. In particular, ∆x is also separable. Let SR(P )
be the finite set of primes p of R for which ∆x(t) mod p is either inseparable or of
smaller degree than degt ∆x(t).
Theorem 2.2. Let P (t, x) be a separable monic polynomial over R[t] with splitting
field E such that E/K(t) is a G-extension. Denote by S0 (= S0(E/K(t))) the union
of the set of primes of R dividing |G| with the finite set SR(P ). Suppose p is a prime
of R not in S0, t0 ∈ P1(K) is not a branch point of E/K(t) while t1 is a finite branch
point. Suppose vp′(t0 − t1) is positive and coprime to |It1|. Then:
(1) The decomposition group Dt0,p is conjugate in G to ϕ
−1(Dt1,p′).
(2) The unramified part of the completion Et0 ·Kp of Et0 at p is (E(t1))t1 ·k(t1)p′.
Remark 2.3. The same conclusion is shown in [24, Theorem 4.1] under the assumption
that p is not in a set Sexc of exceptional places which is described as the union of the
set Sbad of bad primes from the Inertia specialization theorem [2, 25], and four other
sets S1,S2,S3,S4. The set Sbad consists of 1) the set Sbad,1 of primes p of K where
two branch points meet; 2) the set Sbad,2 of primes p with “vertical ramification”,
i.e., such that pR[t] is ramified (in the sense of [2, Section 2]) in the integral closure
of R[t] in E; 3) the set Sbad,3 of primes p such that at least one branch point of
E/K(t) is not p-integral; and 4) the set Sbad,4 of primes that divide the order of G.
The sets Si, i = 1, . . . , 4 are unions of sets Si(t1) where t1 runs through the
finite branch points of E/F (t). The set S1(t1) consists of places where the minimal
polynomial of t1 is either not p-integral or nonseparable. The set S3(t1) is the set
of places of K ramified in K(t1). The set S4(t1) is then the set of primes p such
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that vp′(d− t1) > 0 for some root d 6= t1 of ∆x and some prime p′ of K(t1) over p.3
Finally, the set S2(t1) is the set of primes p for which the following holds (cf. [24,
Lemma 4.3]): there exists some intermediate field M of E · E(t1)t1/K(t) such that
every primitive element y of M/K(t) has a Puiseux expansion in s := t− t1 in which
some coefficient is of p-adic absolute value |y|p > 1 (equivalently, of negative p-adic
valuation).
Proof of Theorem 2.2. In view of Remark 2.3, this follows from [24, Theorem 4.1],
once we show that for every p ∈ Sexc (as described above) coprime to |G|, either the
reduction of ∆x is nonseparable, or it is of smaller t-degree than ∆x(t). The set of
finite branch points of E/K(t) is necessarily contained in the set of roots of ∆x(t),
and thus p ∈ Sbad,1 implies that ∆x(t) mod p is either inseparable (this happens
when two finite branch points meet mod p) or of degree smaller than degt(∆x(t))
(this happens when ∞ and a finite branch point meet mod p). The set Sbad,2 is
contained in the set of those primes modulo which ∆x(t) is congruent to 0 (see,
e.g., Addendum 1.4.c) of [10]). If p ∈ Sbad,3, then the leading coefficient of ∆x(t)
is divisible by p, i.e., again reduction mod p reduces the degree of ∆x. We have
assumed p is coprime to |G|, so that p /∈ Sbad,4. The set S4 consists of primes p for
which ∆x(t) mod p is inseparable. If p ∈ S3, it ramifies in K(t1)/K. Let mt1(t) be
the minimal polynomial of t1 over K, so that mt1 | ∆x. As p ramifies in K(t1), it
divides the discriminant of mt1 , that is, mt1 and hence ∆x are inseparable modulo p.
If p ∈ S1, then mt1 and hence ∆x are nonseparable or nonintegral at p.
Lastly, consider the set S2. If the roots of the given polynomial P (t, x) have
Puiseux expansions in s := t− t1 all of whose coefficients are of p-adic absolute value
≤ 1, then it is elementary to construct primitive elements for each intermediate
field of E ·E(t1)t1/K(t) with the same property, e.g. by taking a suitable polynomial
combination of the roots of P with p-integral coefficients. It therefore suffices to show
that, if p is coprime to G and such that ∆x mod p is separable, then any root z of
P (t, x) has a Puiseux series expansion z = z(s) =
∑
n≥0 ans
n/e in s with coefficients
an of p-adic absolute value ≤ 1.4 This holds essentially due to results by Dwork and
Robba on convergence of p-adic power series ([15]). Indeed, separability of ∆x mod
p implies that every root d of ∆x(t) other than d = ti satisfies |d − ti|p ≥ 1. Since
additionally p is chosen coprime to |G|, [33, Proposition 4.1] (which extends slightly
[15, Theorem 2.1]) implies that the power series
∑
n≥0 any
n converges in the open
disk of p-adic absolute value 1. By [3, Corollary 4.3] (and monicity of P ), the claim
|an|p ≤ 1 follows for all n. 
3Note that t1 itself is also a root of ∆x from the definition of a branch point.
4Note that the expansion of z contains no negative n due to integrality of z by the choice of P .
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Next, we shall consider how the set SR(P ) varies when P runs through a family
of polynomials, that is, P ∈ R[V ][t, x], where R[V ] denotes the coordinate ring of an
affine variety V defined over R. Denote by Pv ∈ T [t, x] its specialization at v ∈ V (T )
for an R-algebra T . For v ∈ V (K), we write vp ∈ V (R/p) to assert that its reduction
mod p is defined and denoted by vp.
Lemma 2.4. Let V be an irreducible affine variety over R, let t be an indeterminate
over R, and P ∈ R[V ][t, x] a monic separable polynomial in x. Then there exists a
proper (closed) subvariety VP of V with the following property. For every v ∈ V (K)\
VP (K) and prime pR, we have p /∈ SR(Pv) if and only if vp ∈ V (R/p) \ VP (R/p).
Proof. Let ∆ = ∆x(P ) ∈ R[V ][t] denote the reduced discriminant of P . Let `t(∆) ∈
R[V ] be its leading coefficient, and let ∆t ∈ R[V ] be the discriminant of ∆ with
respect to t. Define VP to be the union of two proper
5 closed subvarieties: 1) ∆t = 0
and 2) `t(∆) = 0. Letting U be eitherK or R/p, the specialization (∆t)v = (∆v)t ∈ U
is zero if and only if ∆v ∈ U [t] is nonseparable for every v ∈ V (U). Also note that
`t(∆v) = 0 if and only if the t-degree of ∆v ∈ U [t] is the same as that of ∆ ∈ R[V ][t].
In particular, ∆v ∈ K[t] is separable of the same t-degree as ∆ ∈ R[V ][t], for every
v ∈ V (K) \ VP (K). Moreover, this shows that ∆vp is separable of t-degree equal to
degt ∆ = degt ∆v if and only if vp /∈ VP (R/p). 
Remark 2.5. Assume V = A1, so that R[V ] = R[s] for an indeterminate s. Then V
is of dimension 1, and hence there is a constant dP such that |VP (R/p)| ≤ dP , for
every prime p of R. In particular for every prime p, there are at most dP residue
classes s ≡ s0 mod p for which p ∈ SR(Ps0).
Finally, we note that although the residue extension is fixed as t0 varies through
values as in Theorem 2.2, the ramified part is quite arbitrary [24, Theorem 4.4]:
Theorem 2.6. Let E/K(t) be a K-regular Galois extension where K is the fraction
field of a Dedekind domain R, and t1 ∈ K a branch point. Let D, I, and N/K(t1) be
the Galois group, inertia group, and residue extension, respectively, of the completion
at t 7→ t1. Let p  R be a prime away from the finite set S0 of Theorem 2.2,
with a degree 1 prime P of K(t1) lying over it. Let Tp/Kp be a D-extension with
inertia group I such that T Ip
∼= NK(t1)P (∼= NKp). Then there exist infinitely many
specializations Et0/K at t0 ∈ K whose completion at p is Tp/Kp.
Remark 2.7. Let P ∈ R[t, x] be a polynomial with splitting field E whose roots are
integral over R[t]. One may write the completion of E at t 7→ t1 as N(( e
√
a(t− t1)))
for e = |I| and a ∈ N×. In [24], the exceptional set of primes for Theorem 2.6 is
5Note that the discriminant of a nonzero linear polynomial is defined to be the leading coefficient,
hence the first variety is proper.
10 JOACHIM KO¨NIG AND DANNY NEFTIN
instead given as the set S ′exc consisting of the exceptional primes of Theorem 2.2
together with the finitely many primes p where e - vp(a). However we claim that the
latter primes are contained in SR(P ). First, by possibly replacing a, we may assume
vp(a) > 0. Let α be a root of P that is not fixed by I, and β = α
i a nontrivial
conjugate of α by some i ∈ I. Since α, β are integral over R[t], they are integral
over R′[[t − t1]] where R′ is the integral closure of R in N . Let p′ be a prime of R′
over p which divides u := e
√
a(t− t1). Viewing α and β as elements of the integral
closure of R′[[t − t1]] in N((u)), the difference α − β is divisible by u and hence by
p′. It follows that the discriminant of P is zero mod p′ and hence mod p, proving
the claim.
2.5. Twists and specializations. Let K be a field of characteristic 0, let f : X →
Y be a Galois cover with group G of smooth projective irreducible varieties over K,
with Y absolutely irreducible. Let ϕ : pi1(Y
′)K → G be an epimorphism representing
f (see Section 2.1). We are interested in whether a given morphism ψ : GK → G
occurs as a specialization morphism of the given ϕ. Following [11], this is equivalent
to a question about K-rational points of a certain cover fψ, called the twist of f
by ψ. Here, fψ : X˜ → Y is defined as the cover represented by the following
(not necessarily surjective) homomorphism ϕψ : pi1(Y
′)K → G˜, where G˜ ≤ Sym(G)
denotes the image of G under the regular permutation action,
(ϕψ(θ))(x) := ϕ(θ)x(ψ(θ))−1, θ ∈ pi1(Y ′)K , x ∈ G,
with θ the image of θ under projection pi1(Y
′)K → GK .
We only recall the properties of fψ relevant for us and refer to [11, Section 3] for
more details. Firstly, after base change from K to the fixed field of kerψ and possibly
restricting to any connected component of the base-changed covers, fψ : X˜ → Y
becomes isomorphic to f . Moreover, by the so-called “twisting lemma” [10, Lemma
2.1], [11, Lemma 3.2], X˜ has a rational point at t0 ∈ Y (K) (away from the branch
locus) if and only if the specialization morphism of ϕ at t0 is ψ up to conjugation.
Note that a trivially necessary condition for X˜ to have a K-rational point is for
fψ to be K-regular, i.e., have trivial morphism of constants, which requires the
morphism of constants ϕK of ϕ to fulfill ϕK = θ ◦ ψ, where (up to conjugation) θ
is the canonical epimorphism of G onto the image of ϕK . In this case, say for short
that ψ projects onto ϕK .
For a number field K and a prime p of K, denote by ϕp and Gp the restriction of ϕ
to pi1(Y
′)Kp and its image, respectively. We can now state the following theorem on
specializations of function field extensions E/K(t) with a prescribed local behavior,
which extends [10, Theorem 1.2] to cases where E is not necessarily K-regular.
Theorem 2.8. Let f : X → P1 be a Galois cover with group G, defined over K,
represented by ϕ : pi1((P1)′)K → G and with function field extension E/K(t). Then
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there exists a bound L(ϕ) such that for every prime p of K with norm N(p) > L(ϕ)
the following holds: for every unramified morphism ψ : GKp → G such that ψ projects
onto the morphism of constants ϕKp of ϕp, there exist infinitely many t0 ∈ K such
that the specialization of ϕp at t0 is ψ (up to conjugation).
In particular, for every unramified extension F/Kp with Galois group embedding into
G and which contains the full constant field of EKp/Kp(t), there exist infinitely many
t0 ∈ K such that the completion of Et0/K at p equals F/Kp.
Proof. Via the twisting lemma, it suffices to show that the twist fψ, viewed as a
morphism over Kp, has infinitely many Kp-points. As shown in [11, Section 3.1.1],
the assumption that ψ projects onto ϕKp implies that the twist f
ψ is Kp-regular, i.e.,
of the form fψ : Xp → P1Kp with Xp absolutely irreducible. Furthermore, Xp is of
the same genus as X, since the two become isomorphic after suitable base change.
We may then follow the proof of [10, Theorem 1.2] from here on. The first assertion
follows via considering first the mod-p reduction Xp of Xp, application of the Lang-
Weil bound for this reduction in order to ensure the existence of simple mod-p points,
and then Hensel lifting to ensure the existence of Kp-points. The assertion about
fields follows by choosing a suitable epimorphism GKp → Gal(F/Kp), projecting onto
the prescribed ϕKp , which is possible due to the containment EKp ⊆ F . 
Remark 2.9. An explicit application of the Lang-Weil bound in the above proof shows
the following stronger statement: There are constants a, b > 0 depending only on
E/K(t) such that for at least a · N(p) − b residue classes r mod p, the condition
t0 ≡ r mod p is sufficient to yield the assertions of Theorem 2.8. Indeed, this is due
to the fact that only a bounded number (precisely, ≤ |G|) points of Xp lie over the
same point of P1, and only a bounded number of points (namely the branch points)
have to be excluded as specialization values t0.
3. The construction and its specializations
We now proceed to the construction in Theorem 1.1. For an ID pair pi = (I,D)
over a number field K, Section 3.1 constructs a D-extension with two parameters
that contains µe for e = |I|, and is as regular as possible. Section 3.2 shows that
the constructed extension specializes to every tamely ramified extension of Kp with
Galois group D and inertia group I, for all but finitely many primes p of K.
3.1. Construction. The following two lemmas are used to construct the residue
extensions of the desired extension:
Lemma 3.1. Let F0 be a one variable function field
6 over a field K, let L/K be a
cyclic extension, and ϕ : GF0 → V the restriction map to V := Gal(LF0/F0). Let
6The proof requires merely that F0 is a function field over K admitting a K-regular U -extension.
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U be a cyclic group with an epimorphism p : U → V . Then (ϕ, p) has an L-regular
proper solution over M for some K-regular extension M/F0.
Proof. Set W := ker p. Since U is cyclic, there exists a K-regular epimorphism
ϕ2 : GF0 → U . Let ϕ1 : GF0 → V be its composition with p. Since ϕ1 is K-
regular, kerϕ1 ·GKF0 = GF0 and hence kerϕ1 · kerϕ = GF0 . Thus, the map ϕ1 × ϕ :
GF0 → V × V , σ 7→ (ϕ1(σ), ϕ(σ)), is onto. Choose M to be the subfield fixed by
(ϕ1 × ϕ)−1(D1) where D1 ≤ V × V is the diagonal subgroup.
Since the image of the map ϕ2 × ϕ : GM → U × V is the diagonal subgroup
D2 := {(u, p(u) |u ∈ U}, the projection p1 : U × V → U maps D2 isomorphically to
U , yielding an epimorphism ψ := p1 ◦ (ϕ2 × ϕ) : GM → U . Letting p2 : U × V → V
be the projection to V , since p ◦ p1 = p2 ◦ (p × id), and p ◦ ϕ2 = ϕ1, we have
p ◦ ψ = p2 ◦ (p× id) ◦ (ϕ2 × ϕ) = ϕ. Hence ψ is a (proper) solution.
GM
ϕ1×ϕ

ϕ2×ϕ
}}
W × 1 id //
p1 ∼=

D2
p×id //
p1 ∼=

D1
p2 ∼=

W
id // U
p // V
It remains to show that ψ is L-regular. First note that ψ−1(W ) = kerϕ|GM = GLM ,
and LM/M is our constant extension. Thus to prove L-regularity, it suffices to show
ψ(GKM) ⊇ W . We claim that GKM ⊇ GKF0 ∩ ϕ−12 (W ). Since ϕ2(GKF0) = U
as ϕ2 is K-regular, the claim shows that ϕ2(GKM) = W , and hence ψ(GKM) =
p1 ◦ (ϕ2 × ϕ)(GKM) ⊇ W , as desired for L-regularity. To prove the claim, recall
that M is the fixed field of (ϕ2 × ϕ)−1(D2), which contains (ϕ2 × ϕ)−1(W × 1) =
ϕ−12 (W )∩kerϕ. Thus, GKM = GKF0∩(ϕ2×ϕ)−1(D2) ⊇ GKF0∩ϕ−12 (W )∩kerϕ. Since
kerϕ = GLF0 ⊇ GKF0 , this gives GKM ⊇ GKF0 ∩ ϕ−12 (W ), proving the claim. 
Lemma 3.2. In the setup of Lemma 3.1, assume further that V is a p-group for a
prime p 6= charK, where either p is on odd prime or µ4 ⊆ K, and that L = K(µe)
for e = ps. Then (ϕ, p) has an L-regular proper solution over F0.
Proof. Set W := ker p and assume7 s is maximal such that L = K(µps). Since
L = K(µps), the embedding problem (ϕ, p) has a solution ψ0 : GK → U given by
restriction to Gal(K(µps+k)/K), where p
k = |W |. Extend ψ0 to GF0 by composing
with the restriction GF0 → GK . Let ϕ2 : GF0 → W be a K-regular epimorphism,
that is, ϕ2(GKF0) = V . Since V is abelian, ψ = ψ0 · ϕ2 is also a solution to (ϕ, p).
7This assumption regards only the case where L/K is the trivial extension.
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Since U is cyclic of p-power order, a preimage under p of a generator of V is a
generator of U , and hence ψ is proper.
Since p◦ψ = p◦ψ0, the fixed field of ker(p◦ψ) is F1 := F0(µe). Let ψW : GF1 → W
(resp. ϕ1 : GF1 → W ) be the restriction of ψ (resp. ϕ2) to GF1 . Since ϕ2(GKF0) = V
as ϕ2 is K-regular, and since ψ0(GKF0) = 1, we have ϕ1(GKF0) = W , that is, ϕ1
is L-regular. As ψ0(GKF0) = 1, we have ψ(GKF0) = ϕ1(GKF0) = W , so that ψ is
L-regular. 
The following lemma constructs the desired extension from the residue extension:
Lemma 3.3. Let D be a finite group, ID a cyclic normal subgroup of order e, and
p2 : D → D/I the natural projection. Suppose Fpi is a complete discrete valuation
field with characteristic 0 residue field M . Assume that I ∼= µe as D-modules, where
D acts on I by conjugation, and on µe via a surjection p1 : D → Gal(M(µe)/M).
Finally suppose ϕ1 : GM → D is a solution to (ϕ, p1 ◦ p2), where ϕ is the restriction
map. Then (p2 ◦ ϕ1, p2) has a proper totally ramified solution over Fpi.
GM
ϕ
{{
p2◦ϕ1
ww
D
p2 // D/I
p1 // Gal(M(µe)/M)
Proof. Embedding the algebraic closure M of M into that F pi of Fpi, we extend ϕ
and ϕ1 to GFpi . Since ker p2 = I
∼= µe as GFpi -modules the equivalence classes to
solutions to (ϕ, pi) are in one to one correspondence with elements of H1(GFpi , µe),
as described in Section 2.3. Moreover, letting N be the fixed field of ker(p2 ◦ ϕ1),
the fixed field of kerϕ1 is of the form N(
e
√
b) for b ∈ N×. Pick spi ∈ F×pi to be a
uniformizer, and let αpi ∈ Z1(GFpi , µe) be a class corresponding to spi(F×pi )e via the
Kummer isomorphism H1(GFpi , µe)
∼= F×pi /(F×pi )e. As in Section 2.3, the fixed field of
ker(αpi · ϕ1) is N( e
√
bspi). Thus αpi · ϕ1 is proper totally ramified solution. 
Combining the above lemmas we obtain the following constructions. Recall that
Lemma 2.1 associates to every ID pair (I,D) with e := |I|, a unique map ηpi : D →
Gal(K(µe)/K) with kernel CD(I), whose image is denoted by Vpi.
Corollary 3.4. Let pi = (I,D) be an ID pair over a number field K, and ηpi : D → Vpi
as above. Let t be transcendental over K, and F0 = K(t). Then there exist infinitely
many places s 7→ spi of F0(s) such that the completion Fpi at s 7→ spi admits a D-
extension Epi/Fpi with inertia group I and residue extension N/M satisfying:
(a) M/F0 is a finite and M is K-regular;
(b) the constant field of N is K(µe);
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(c) NCD(I) ∼= M(µe), where CD(I) acts via the natural quotient D → D/I.
Proof. Let U be a cyclic subgroup of D which projects onto D/I under the projection
pI : D → D/I modulo I. In particular, the action of U on I by conjugation factors
through that of D/I. Set K0 := K(µe)
Vpi , so that K0(µe)/K0 is cyclic with Galois
group Vpi. By Lemma 3.1, there exists a finite K0-regular extension M/F0 (so that
(a) holds), and a proper K0(µe)-regular solution ϕ1 : GM → U to (ηpi : U → Vpi, ϕ)
over M , where ϕ : GF0 → Vpi is the restriction map.
Let Dˆ = I oU with semidirect product action given by conjugation in D, and let
pˆI : Dˆ → U be the projection modulo I. Let spi be a primitive element for M/F0,
and Fpi the completion of F0(s) at s → spi. Since (pˆI , ϕ1) has a trivial solution ϕ1,
it also has a proper totally ramified solution ψˆ : GFpi → Dˆ by Lemma 3.3. Letting
pˆ : Dˆ → D be the natural projection, we note that pI ◦ pˆ = pI ◦ pˆI , and hence
pI ◦ pˆ ◦ ψˆ = pI ◦ pˆI ◦ ψ = pI ◦ ϕ1,
so that ψ := pˆ ◦ ψˆ is a solution to (pI : D → D/I, pI ◦ ϕ1 : GFpi → D/I).
Since pˆ : Dˆ → D maps I to itself, ψ is totally ramified. Thus, the extension Epi/Fpi
fixed by ker(pˆ ◦ ψ) is a D-extension with inertia group I. In particular, its residue
extension N/M at s 7→ spi is the extension fixed by the kernel of ϕ0 := pI ◦ϕ1. Since
ηpi has kernel CD(I) containing I, the map ηpi factors as ηpi ◦ pI for an epimorphism
ηpi : D/I → Vpi. Thus the kernel of ηpi ◦ϕ0 = ηpi ◦ϕ1 = ϕ is M(µe). Hence N contains
M(µe). Moreover, as ker ηpi = pI(CD(I)) = CD(I)/I, we have N
CD(I) = M(µe),
giving (c). Since ϕ1 is K(µe)-regular, so are ϕ0 and N/M , giving (b). 
Remark 3.5. If D is a p-group, where either p is an odd prime or µ4 ⊆ K, we can
further choose M = K(µe)
Vpi(t). Indeed, the same proof applies when replacing the
application of Lemma 3.1 by Lemma 3.2.
Corollary 3.6. Let pi = (I,D) be a split ID pair over a number field K with CD(I) =
I, and ηpi : D → Vpi as above. Then there exist infinitely many places t 7→ t′pi of K(t)
such that the completion Fpi at t 7→ t′pi admits a D-extension Epi/Fpi with inertia
group I and residue extension K(µe)/K(µe)
Vpi .
Proof. Letting t′pi be a primitive element for M := K(µe)
Vpi , and Fpi the completion
at t → t′pi. Letting ϕ : GM → Gal(M(µe)/M) ∼= D/I be the restriction map and
p2 : D → D/I the projection modulo I, the assertion follows from Lemma 3.3 applied
to the split embedding problem (ϕ, p2). 
3.2. Specialization. The following lemma provides our induction step from parametriz-
ing the residue (D/I)-extensions of Kp to parametrizing D-extensions of Kp.
Let M/K(t) be a finite extension, and C a finite group. We shall say that an
extension N/M with constant field L = N ∩ K has the property P (C, α, β) if for
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every prime p of K which is inert in L, and every unramified C-extension Up/Kp,
there are at least αN(p) − β (resp. infinitely many if N(p) = ∞) residue classes t0
mod p, and for each class infinitely many degree 1 places t 7→ t0 ∈ Kp with t0 ≡ t0
(mod p) such that Up is the specialization of N at t 7→ t0.
Proposition 3.7. Let K be the fraction field of a Dedekind domain R, and t, s inde-
terminates. Let F0 := K(t) and E/F0(s) an extension. Assume that the completion
of E/F0(s) at s 7→ spi has Galois group D, inertia group I, and its residue extension
N/M has P (D/I, α, β) for α, β > 0, and constant field L. Then E/F0(s) specializes
to all tame D-extensions of Kp with inertia group I, for every prime p that is inert
in L/K and has sufficiently large norm N(p).
Proof. We start by choosing a “nice” polynomial with splitting field E over K(t, s).
Starting with a separable polynomial P ∈ K(t, s)[x] with splitting field E, by a
suitable change of the variables s and t, we may assume each of the following:
i) P is monic with coefficients in R[t, s].
ii) The minimal polynomial Q(t, s) of spi over K(t) lies in R[t, s] and is monic of
positive degree in both s and t.
Indeed, rendering the polynomials P and Q monic over the respective rings R[t, s]
and R[t] is elementary; additionally to obtain a monic polynomial Q in t (without
touching the other conditions), substitute s+ tk for s, for sufficiently large k.
Next, we introduce the constants relevant to the proof. Let γ be the t-degree of
Q. By Lemma 2.4 and Remark 2.5, there exists a constant d = dP , depending only
on P , such that there are at most d residue classes of s0 mod p for which p becomes
a bad prime in SR(Ps0) for Ps0 = P (t, s0, x) ∈ R[t, x].
Let Tp/Kp be a D-extension with inertia group I at a prime p  R with norm
N(p) ≥ (β+γd)/α such that p is inert in L. We claim that Tp/Kp is a specialization
of E/K(t, s). Set Up = T
I
p . Let Tp ⊆ R/p denote the set of residue classes t0 of t0
mod p where Up/Kp is a specialization of N/M for infinitely many t 7→ t0 of residue
t0. Note that |Tp| ≥ αN(p)− β by P (D/I, α, β) and αN(p)− β ≥ 1 by choice of p.
For each t0 ∈ Tp, choose t0 ∈ Kp with residue t0 such that:
(1) Up/Kp is the residue extension of N/M at an unramified degree 1 prime P of
MKp over (t− t0)Kp[t];
(2) (t− t0) is not in the finite set SKp[t](P ) in Theorem 2.2, where P is viewed as
a polynomial in x with parameter s over the ring Kp[t];
(3) t0 is not one of the finitely many ramification points of the nonconstant
algebraic function spi ∈ Kp(t) \Kp.8
Since P is an unramified degree 1 prime over (t− t0)Kp[t], there exists a unique
s0 ∈ Kp such that vP(spi − s0) > 0. Denote by Es0/Kp(t) its residue extension at
8Note that all these ramification points are roots of the discriminant of Q(t, s) ∈ R[t][s].
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s 7→ s0. By (3), we have spi − s0 6≡ 0 mod P2, and hence vP(spi − s0) = 1. Since in
addition (t− t0) /∈ SKp[t](P ) by (2) and the residue extension of NKp/MKp at t 7→ t0
is Up/Kp by (1), Theorem 2.2 implies that, at t 7→ t0, Es0/Kp(t) has decomposition
group D, inertia group I, and residue extension Up/Kp.
To specialize t, we first note that as spi is a root of Q and Q(t, s0) is not the
zero polynomial mod p by condition ii) above, the residue t0 is a root of Q(t, s0) ∈
R/p[t], for every value s0 ∈ R/p. Thus, running over the values t0 picked above,
we see that every residue s0 mod p is obtained from at most γ values t0, each with
distinct residues t0 = t0 mod p. Since there are αN(p) − β choices for t0, and
(αN(p) − β)/γ > d, we may choose t0 and s0 such that p is not a bad prime in
SR(Ps0) for Ps0 = P (t, s0, x) ∈ R[t, x]. Then by Theorem 2.6 and Remark 2.7, there
exist t1 ∈ Kp (with vp(t1− t0) positive and coprime to e) such that the specialization
of Es0/Kp(t) at t 7→ t1 is Tp/Kp. 
Remark 3.8. We note that the proof shows that the number of possible mod p residues
of specialization values (t1, s0) is at least α
′N(p)−β′ (or infinite if N(p) =∞), where
α′, β′ > 0 are constants that depend only on E/K, α and β. In particular, as soon
as α′N(p)− β′ > 0, the set of possible values (t1, s0) ∈ A2Kp is Zariski dense (namely,
containing infinitely many “good” values t1, and for each such value infinitely many
good values s0).
Finally for a number field K, we show that a K-regular extension has P (C, α, β)
for certain cyclic subgroups C, and constants α, β > 0.
Lemma 3.9. Let K be a number field and M/K(t) a finite K-regular extension. Let
N/M be a Galois extension with constant field L = N ∩ K, and C ≤ Gal(N/M)
a cyclic subgroup which projects onto Gal(LM/M). Then N/M has P (C, α, β) for
some constants α, β > 0 depending only on N/K.
Proof. Let p be a prime of K which is inert in L. Note that MKp is Kp-regular,
and LKp is the constant field of NKp. Thus, Gal(NKp/MKp) is isomorphic to
Gal(N/M). Let ΩN/K(t) be the Galois closure of N/K(t). Then in particular, the
composition of the restriction map with the above isomorphism gives an epimorphism
p : Gal(ΩNKp/MKp) → Gal(N/M). Letting x be a generator of C, choose x̂ ∈
p−1(x). Then by Theorem 2.8 and Remark 2.9, there exist at least αN(p) − β
residue classes t0 mod p, and infinitely many places t 7→ t0 ∈ Kp of each residue, at
which ΩNKp/Kp(t) specializes to an unramified extension of Kp with group 〈x̂〉, for
α, β > 0 depending only on N/K. In particular, MKp/Kp(t) specializes to the trivial
extension, and NKp/MKp specializes to an extension with group p(〈x̂〉) = C. 
The following corollary combines Proposition 3.7 and Lemma 3.9 to show that the
extension constructed in Corollary 3.4 (with an enlarged base field K) specializes to
all but finitely many tame local D-extensions with inertia group I.
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For an ID pair (I,D) with e := |I|, let ηpi : D → Gal(K(µe)/K) be the associated
map in Lemma 2.1, and let Vpi be its image.
Corollary 3.10. Let pi = (I,D) be an ID pair over a number field K, and e :=
|I|. Let E/K(t, s) be a Galois extension whose completion at a place s 7→ spi is an
extension Epi/Fpi, as in Corollary 3.4
9, such that its residue has constant extension
K(µe)/K(µe)
Vpi . Then there exists δ > 0, depending only on E/K, such that every
tame D-extension of Kp with inertia group I is a specialization of E/K(t, s), for
every prime p of K with N(p) > δ.
Proof. Let p ∈ PK(pi), that is, such that there exists a D-extension of Kp with
inertia group I. By Lemma 2.1.(c), the Frobenius element of p is a generator of Vpi.
In particular, a prime P of K0 := K(µe)
Vpi over p is of degree 1, and is inert in K(µe).
Note that K0 ⊆ (K0)P ∼= Kp.
Let N/M be the residue extension of EK0/K0(t, s). By construction, N/M has
cyclic Galois group D/I, and its constants extension is K(µe)/K0. Thus, N/M has
P (D/I, α, β) over K0 for some α, β > 0 depending only N/K, by Lemma 3.9. As P
is inert in K(µe), Proposition 3.7 and Remark 3.8 give constants α
′, β′, depending
only on E/K, such that every tame local D-extension with inertia group I of Kp is a
specialization over Kp of EK0/K0(t, s) and hence of E/K(t, s), when α
′N(p)−β′ > 0.
The assertion follows for δ := β′/α′. 
In case the ID-pair (I,D) is split and CD(I) = I, it is even simper to deduce that
the extension in Corollary 3.6 specializes to every D-extension with inertia group I.
Let ηpi and Vpi be as in Lemma 2.1.
Corollary 3.11. Let pi = (I,D) be a split ID pair over a number field K with
CD(I) = I. Let e := |I|, and ηpi : D → Vpi be as above. Let E/K(t) be a Galois
extension whose completion at a place t 7→ tpi is an extension Epi/Fpi with residue
extension K(µe)/K(µe)
Vpi . Then every tame D-extension of Kp with inertia group I
is a specialization of E/K(t), for every prime p /∈ S0(E/K(t)).
Proof. As in Corollary 3.10, let p ∈ PK(pi) \ S0(E/K(t)), so that a prime P of L :=
K(µe)
Vpi over p is of degree 1, is inert in K(µe), and has completion LP ∼= Kp ⊇ L.
Let T be a tame D-extension of Kp ∼= LP with inertia group I. As I = CD(I),
Lemma 2.1.(2) implies that T I ∼= LP(µe). As P is inert in L(µe)/L, the extension
T I/LP is the compositium of L(µe)/L with LP. As p /∈ S0, there exist (infinitely
many) t0 ∈ Kp ∼= LP such that the specialization of ELP/LP(t) at t 7→ tpi is T/Kp,
by Theorem 2.6. 
9The construction in 3.4 is applied here with K replaced by K(µe)
Vpi
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4. Proof of Theorem 1.1 and further rationality analysis
4.1. Proof of Theorem 1.1(2a). Let Π = ΠG,K denote the set of all ID pairs
(I,D) over K with D ≤ G. Let ηpi : D → Vpi be the map associated to pi ∈ Π
in Lemma 2.1. By Corollary 3.4, we may choose distinct places s 7→ spi, pi ∈ Π of
K(t)(s), and extensions Epi/Fpi of the completion Fpi of K(t, s) at s 7→ spi satisfying
the following. For pi = (I,D), the extension Epi/Fpi has Galois group D, inertia group
I, and residue extension N/M satisfying:
(a) M/K(µe)
Vpi(t) is a finite and M is K(µe)
Vpi -regular, where e := |I|;
(b) the constant field of N is K(µe);
(c) NCD(I) ∼= M(µe), where CD(I) acts via the natural quotient D → D/I.
Since G has a generic extension over K, [31, Theorem 5.8] gives a G-extension
E/K(t, s) with decomposition group conjugate to D and completion Epi/Fpi at s 7→
spi, for every pi = (I,D) ∈ Π. By Corollary 3.10, every tame D-extension Tp/Kp with
inertia group I is a specialization of E/K(t, s) at some t 7→ t′pi, s 7→ s′pi, for every
prime p of K with N(p) > δ, where δ is a constant depending only on E/K.
4.2. Proof of Theorem 1.1(1). Passing from Galois extensions of e´tale algebras
to their underlying fields, the essential local dimension ldK(G) (resp. parametric
dimension pdK(G)) of G over K is the minimal integer d ≥ 0 for which there exist
G-extensions Ei/Fi, i = 1, . . . , r, such that every field H-extension of Kp (resp. of
K) for H ≤ G, is a specialization of some Ei/Fi, for all but finitely many primes p.
Lemma 4.1. Assume G has essential local (resp., essential parametric) dimension
≤ d over K. Then the same holds for any subgroup of G.
Proof. Let E/F be a G-extension of function fields such that K is the constant field
of F . For H ≤ G, let L/K be an H-extension, and assume that ν is a place of FL
at which the residue extension of EL/FL is a field H-extension M/L. The latter
implies that there is a degree-1 place ω of EHL over ν such that the residue of
EL/EHL at ω is M/L. The assertion now follows by choosing L = K for parametric
dimension or L = Kp for primes p of K for local dimension. 
In particular, since any finite group embeds as a subgroup into a group possessing
a generic extension (such as a suitable symmetric group), Lemma 4.1 and Theorem
1.1(2a) imply Theorem 1.1(1).
The argument in Lemma 4.1 does not apply in the Hilbert-Grunwald dimension
setting, since it is not clear how to construct K-rational places of EH for H ≤ G.
However, it yields a weak version of the Hilbert–Grunwald property, see Remark 4.5.
4.3. Proof of Theorem 1.1(2b). Theorem 1.1(2b) is derived from (2a) using:
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Lemma 4.2. Let K be a number field, G a finite group and E/F a G-extension such
that F is purely transcendental over K, and such that for all primes p of K outside
of some finite set T , every G-extension of Kp occurs as a specialization of E/F at
some place away from the branch locus of E/F . Then every Grunwald problem for
G away from T has a solution which is a field extension with Galois group G, and
contained in the set of specializations of E/F .
Proof. Suppose F = K(t), where t = (t1, . . . , tr) are indeterminates. Let P (t, x)
be a defining polynomial of E/F , separable in x, and let t → tp ∈ Krp , p ∈ S \ T
be places at which E/F specializes to prescribed extensions L(p)/Kp. For all cyclic
subgroups C ≤ G, we add (unramified) C-extensions L(p)/Kp over distinct primes
p /∈ S ∪ T , to the Grunwald problem, and enlarge S to contain these primes.
We claim that there must then in fact be infinitely many choices for tp ∈ Krp
points with the above property, for each p ∈ S \ T . Indeed, as in Section 2.5, letting
f : X → Y be a G-cover over K with function fields E/F and ψp : GKp → G an
epimorphism representing L(p)/Kp, the point tp gives rise to a Kp-rational point on
X˜, where fψp : X˜ → P1 is the twist of f by ψp. Since Kp is an “ample” field, a.k.a.
“large” field, every smooth absolutely irreducible variety with a simple point has
infinitely many points, proving the claim. We may therefore without loss assume
P (tp, x) to be separable. This makes Krasner’s lemma applicable, yielding full mod-
pm residue classes (for some m > 0) of good values tp in K
r
p . By the Chinese
remainder theorem we may pick (infinitely many) t0 ∈ Kr in the above residue
classes, so that Et0/K has the prescribed completions at all p ∈ S. Finally, since
we extended our Grunwald problem, the Galois group of Et0/K must intersect every
conjugacy class of cyclic subgroups in G, and thus equal G by Jordan’s theorem. 
In particular, if there exists a single extension E/F , with F purely transcendental
of transcendence degree ldK(G), that specializes to G-extensions of Kp for p away
from a finite set, then hgdK(G) = ldK(G).
Theorem 1.1(2b) now follows by simply choosing E/F as in Theorem 1.1(2a).
Remark 4.3. Note that it is possible that the equality hgdK(G) = ldK(G) holds in
general, however already hgdK(G) < ∞ implies a positive answer to the IGP for G
over K. Indeed, by adding suitable local extensions to a Grunwald problem, one
may force its solutions to be fields as in the proof of Lemma 4.2.
Remark 4.4. The existence of a generic extension is used in the proof of Theorem
1.1 in order to find a G-extension E/K(t, s) whose completions at s 7→ spi are given
extensions Epi/Fpi, for pi ∈ Π.
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Embedding G into SLn, and letting X := SLn/G, it is well known that SLn → X
is a versal G-torsor10. In this setting, the property required for Theorem 1.1(2b) is
the following weak approximation property. Namely, the restriction
X(F0(s))→
∏
pi∈Π
X(Fpi),
has to have dense image, where F0 := K(t), and Fpi is the completion of F0(s) at a
place s 7→ spi. This weak approximation property clearly holds if X is rational, but
fails in general in view of Remark A.2.
4.4. Some strengthenings. We note some strengthenings of the assertions of The-
orem 1.1, which directly follow from the proof above.
Remark 4.5. The proof of Lemma 4.1 and Theorem 1.1(2b) give the following for
every finite group G:
There exists a constant d = dG, a G-extension E/F with F of transcendence
degree 2, and a finite set T of primes of K such that every Grunwald problem
L(p)/Kp, p ∈ S \ T , is solvable over an overfield K ′ of degree [K ′ : K] ≤ d in the
following sense: For every prime p ∈ S \T , there is a primes p′ of K ′ with K ′p′ ∼= Kp,
such that the Grunwald problem L(p)/K ′p′ , p ∈ S \ T is solvable within the set of
K ′-rational specializations of E/F .
Indeed, embedding G into a group Γ possessing a generic extension, let E/K(t, s)
be the Γ-extension provided by Theorem 1.1(2b), and F = EG. As in the proof of
Lemma 4.1, the property that E/K(t, s) specializes to every H-extension L(p)/Kp
for H ≤ G, implies that there are (distinct) Kp-rational places ν(p), p ∈ S \ T of
Kp(t, s), and places ω(p) of FKp of degree 1 over ν(p), such that the residue of E/F
at ω(p) is L(p)/Kp, for every p ∈ S \ T . As in the proof of Lemma 4.2, there exists a
K-rational place ν of K(t, s) approximating ν(p), p ∈ S \ T , and a place ω of degree
of F over ν such that the residue of EKp/FKp at ω is L
(p)/Kp, for every p ∈ S \ T .
Here the degree of ω over ν is bounded merely by d = dG := [F : K(t, s)].
Remark 4.6. The proof of Theorem 1.1 shows the following stronger conclusion:
Given a number field K and a finite group G with a generic extension over K,
there exists a G-extension E/K(t, s) (namely, as constructed above) such that for
each finite extension K ′ ⊇ K and each prime p′ of K ′ outside of some finite set, every
G-extension of K ′p′ occurs as a K
′
p′-specialization of E/K(t, s). In other words the
extension EK ′/K ′(t, s) yields the conclusion of Theorem 1.1(2a) over K ′, for each
finite extension K ′ ⊇ K. To see this, we first claim that every ID pair for G over K ′
is also an ID pair for G over K, by Lemma 2.1: The composition of the map η′pi : D →
10One may also consider the map An → An/G, and take a smooth open subset of An/G to form
a G-torsor.
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Gal(K ′(µe)/K ′) with the restriction Gal(K ′(µe)/K ′) → Gal(K(µe)/K ′ ∩ K(µe)) is
ηpi : D → Gal(K(µe)/K). By Chebotarev’s theorem, there exist (infinitely many)
primes p of K of norm q such that 〈σq,e〉 = Im(ηpi). Thus, the “if” direction of Lemma
2.1.(2) implies that (I,D) is an ID pair over K, as claimed. Now the base change
EK ′/K ′(t, s) still has a completion Epi/Fpi satisfying the conditions of Corollary 3.4.
Thus the proof of Theorem 1.1(2a) applies over K ′. The same strengthening applies
to the conclusion on solvability of Grunwald problems in Theorem 1.1(2b).
Finally note that there is a notion of “arithmetic dimension”, similar to parametric
dimension, which allows “finite base change” [30]. Namely in this context, it measures
the number of parameters required to parametrize all e´tale algebra G-extensions of
K ′, where K ′ runs over all finite extensions of K. The above remark suggests that the
“local” version of arithmetic dimension is then also 2. Thus in similarity to Remark
A.3 the study of arithmetic dimension in this context also concerns the extent to
which local global principles fail.
4.5. Allowing finitely many parametrizing extensions. The following remark
suggests the possibility of extending the definition of local dimension to cover all
specializations of Kν , where ν runs over all places of K.
Remark 4.7. Let T be the finite set from Theorem 1.1. There are only finitely
many Galois extensions of L(ν)/Kν with Galois group a subgroup of G, where ν runs
through the infinite places and the places corresponding to primes of T . If each of
the above extensions L(ν) is the completion Lν ∼= L(ν) of some G-extension L/K at
ν, we may add the extensions L(t, s)/K(t, s) and the extension given by Theorem
1.1 to a finite list of extensions whose specializations contain all extension of Kν
with Galois group a subgroup of G, where ν runs over all places of K. Moreover,
in view of the conjectured Beckmann–Black lifting property, it is expected that the
extensions L(t, s)/K(t, s) can be replaced by finitely many K-regular G-extensions.
Finding extensions L/K as above is possible in many cases, e.g. whenever G is
of odd order [29, Theorem 9.5.9], but it is not always possible. For example, if
G = Z/8, then there is no G-extension of Q whose completion at 2 is the unramified
G-extension L(2)/Q2. Thus, there exists no G-extension E/Q(t, s) which specializes
to L(2)/Q2. However, very few such extensions L(p)/Kp are known to exist.
Remark 4.8. Replacing the finite extension E/K(t, s) in Theorem 1.1.(2a) by finitely
many G-extensions E(pi)/K(t, s), pi ∈ Π, the weak approximation property in Re-
mark 4.4 can be replaced by the mere requirement that each of the extensions Epi/Fpi
is the completion at s 7→ spi of some G-extension E(pi)/K(t, s). We do not know of
a case in which this property fails.
Take for example G to be a p-group, and K to be a number field containing the
|G|-th roots of unity. Remark 3.5 shows that s 7→ spi is a K-rational place. Thus, for
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an ID-pair (I,D), the field Epi is of the form M((s−spi))( e
√
α(s− spi)), where e = |I|,
M/K(t) is a (D/I)-extension, and α ∈M . In this case M(s, e√α(s− spi))/K(t, s) is
a D-extension which induces the desired G-extension of e´tale algebras E(pi)/K(t, s)
whose completion at s 7→ spi is Epi/Fpi. In fact, we expect that the rigidity method
can be used, for certain p-groups G and number fields K as above, to show that the
extension E(pi)/K(t, s) can be chosen to be a K-regular field extension.
Appendix A. Parametric dimension
The following example was noticed in [30, Theorem 3.4]. It shows that pdQ(G)
may be strictly smaller than edQ(G), based on Lagrange’s four square theorem.
Example A.1. Let G = (Z/2)5. It is well known that edQ(G) = 5. We show here that
pdQ(G) ≤ 4. Namely, we consider the extensions11 Ei,ε := Q(t1, . . . , t4,
√
ε(t1 + · · ·+ ti)),
i ≤ 4, ε ∈ {1,−1} of F := Q(t1, . . . , t4), and claim that every G-extension L/Q is a
specialization of at least one of these extensions. It is well known that L is of the
form Q(√a1, . . . ,√a5) for some ai ∈ Q×, i = 1, . . . , 4. (Note that ai = 0 may be
replaced by ai = 1 without changing the extension).
We consider two cases according to whether all ai’s are positive or at least one of
them is not. In the former case set ε = +1, and in the latter ε = −1. Then the
quadratic form Qε(x1, . . . , x5) := a1x
2
1 + · · ·+ a4x24 − εa5x25 has a nontrivial solution
(x1, . . . , x5). By possibly reordering the ai’s, we may assume x1, . . . , xi and x5 are
nontrivial for some 1 ≤ i ≤ 4. Then the specialization of Ei,−ε, at tj 7→ ajx2j for
j ≤ i, and tj 7→ aj for i < j ≤ 4, is Q(√a1, . . . ,√a4,
√
−ε∑ij=1 ajx2j). The last field
is L since −ε∑ij=1 ajx2j ∈ Q× and a5 ∈ Q× are equivalent mod (Q×)2 by our choice
of x1, . . . , xi and x5.
The following remark motivates allowing more than one extension in the definition
of parametric dimension12 over number fields:
Remark A.2. The following example is constructed in a joint work with D. Krashen,
and is an (explicit) version of [7, Proposition A.3] over number fields. There exist
p-groups G and number fields K, e.g. with G = Z/8, and K = Q(
√
17), with
the following property. There exist two primes p1, p2 of K and Galois extensions
L(pi)/Kpi with groups Hi ≤ G (resp. G-extensions Li/K), i = 1, 2 such that there is
no G-extension E/K(t) that specializes to both L(pi)/Kpi (resp. Li/K), i = 1, 2.
11The number of extensions is clearly not minimal, and it is interesting to see it is possible to
parametrize all G-extensions using a single extension of transcendence degree 1.
12The remark considers extensions of rational function fields. Since we do not require rationality
in the definition of pdK(G), it remains to be seen whether there is an example of a number field K
and group G such that pdK(G) would increase upon demanding r = 1 in the definition.
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If there was a single extension E/K(t), t = (t1, . . . , tr) which specializes at t 7→ ti
to L(pi)/Kpi , i = 1, 2 (resp. every extension L/K) with Galois group a subgroup of
G, then by finding a line ti = ti(t), i = 1, . . . , r passing through t1 and t2, we would
obtain an extension E1/K(t) that specializes to L
(pi)/Kpi (resp. Li/K), i = 1, 2,
obtaining a contradiction. Therefore, one cannot expect the existence of such an
extension for any finite number of parameters r. On the other hand for G = Z/8,
it is known [28] that there exist finitely many polynomials over K(t1, . . . , t5) which
parametrize all Z/8-extensions.
Moreover, in view of [8, §10] and [32, §2.4], it is possible that there is a uniform
bound b = bG,K satisfying the following. For every finitely many primes pi, i =
1, . . . , r, and Galois extensions L(pi)/Kpi , i = 1, . . . , r (resp. Li/K) with group a
subgroup of G, there exist at most b extensions of K(t) that specialize to each of
the extensions L(pi)/Kpi , i = 1, . . . , r (resp. Li/K). In particular, this suggests that
by replacing a single extension by finitely many extensions, one may be able to
parametrize all Galois extensions of Kp (resp. of K) with group ≤ G.
Finally, the following remark defines local global principles such that pdK(G) ≤ 2
whenever the principles hold. First note that we expect the following “morphisms”
version of Theorem 1.1(1) also holds for every finite group G and number field K:
There exists a a morphism ϕ : GF → G, where F is of transcendence degree 2 over
K, such that the set of specializations ϕt0 : GK → G of ϕ surjects onto Hom(GKp , G)
under the restriction map, for every prime p away from a finite set T .
Remark A.3. In the setting of Section 2.5, the constructed extension E/F in The-
orem 1.1 can be replaced by a dominant Galois morphism f : X → Y of smooth
irreducible 2-dimensional varieties defined over K with Galois group G. Let ϕ :
pi1(Y
′) → G be an epimorphism representing f . Twisting f by ψ : GK → G, we
obtain a morphism fψ : X˜ψ → Y , with the property that X˜ψ has a K-rational point
if and only if ψ is a specialization of ϕ. On the other hand, letting ψp : GKp → G
denote the restriction of ψ to GKp , we may also consider the twist f
ψp : X˜ψp → Y
(which is the base change of fψ to Kp).
In this setting, the above “morphisms” version of Theorem 1.1 implies that outside
a finite set of primes T (depending on X, but not on ψ), the variety X˜ψ has a Kp-
rational point for p /∈ T . In fact if we choose ψ whose completions ψν are known to
appear as specializations of ϕ, when ν runs through places in T and infinite places,
then Xψ(Kν) 6= ∅ for such ν. For such ψ, if the local global principle
∏
ν
X˜ψ(Kν) 6= ∅ ⇒ X˜ψ(K) 6= ∅,
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holds where ν runs over all places of K, then ψ is a specialization of ϕ. Similarly, to
obtain this for all ψ, so that pdK(G) ≤ 2, one needs the local global principle∏
p/∈T
X˜ψ(Kp) 6= ∅ ⇒ X˜ψ(K) 6= ∅,
where p runs over primes of K not in T .
In similarity to [23], the expectation that pdK(G) > 2 for many groups G therefore
implies a broad failure of the local global principle.
Appendix B. Groups of essential local dimension 1
The following result shows that the bound ldK(G) ≤ 2 is in general sharp. It
follows largely from [24]:
Theorem B.1. Let G be a finite group containing at least one noncyclic abelian
subgroup. Then G has local dimension at least 2 over K.
In [24], the following was shown:
Proposition B.2. Let K be a number field, G a finite group, and Ei/K(t), i =
1, . . . , r finitely many Galois extensions with group G. Then there exists a finite
extension L of K such that, for all primes q of K which split completely in L, for all
i ∈ {1, . . . , r} and for all non-branch points t0 ∈ P1(Kq) of L, the specialization (Ei ·
Kq)t0/Kq is cyclic. In particular, if G contains a minimal non-cyclic abelian subgroup
A ∼= Cp × Cp (for some prime p), then for all primes q of K which split completely
in L(ζp), the field Kq possesses an A-extension, whereas no Kq-specialization of any
Ei/K(t) has group A.
Remark B.3. In [24], these Galois extensions Ei/K(t) were assumed K-regular. That
assumption is however not necessary for the assertions given here. Indeed, if K ′ is
the full constant field of a G-extension E/K(t), then the first assertion holds (with
K replaced by K ′) for the K ′-regular extension E/K ′(t), and in particular if q is any
prime of K completely split in L, then any prime q′ extending q in K ′ is split in L,
whence (E ·Kq)t0/Kq must be cyclic for all non-branch points t0 ∈ Kq(= K ′q′).
Proof of Theorem B.1. Proposition B.2 implies that no finite set of G-extensions
Ei/K(t), i = 1, . . . , r can yield all the necessary local extensions via specializations.
To prove Theorem B.1, we generalize this to finite sets of G-extensions Ei/Fi, i =
1, . . . , r where Fi is a K-regular function field in one variable over K.
Since the set of primes splitting completely in finitely many given finite extensions
of K is of positive density by Chebotarev’s density theorem, it suffices to consider
one extension Ei/Fi at a time. Thus, let G be a finite group possessing a subgroup
A ∼= Cp × Cp for some prime p, and let E/F be a G-extension, with F a finite K-
regular extension of K(t). Consider the Galois closure Ω/K(t) of E/K(t). This has
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Galois group embedding intoGoH whereH is the Galois group of the Galois closure of
F/K(t). Applying Proposition B.2 for Ω/K(t) gives a positive density set S of primes
of K such that for each q ∈ S, Kq has an A-extension, whereas all specializations of
Ω/K(t) at some t0 ∈ Kq have cyclic decomposition group. In particular, for every
Kq-rational place of F , the corresponding specialization of E ·Kq/F ·Kq has cyclic
decomposition group, and a fortiori does not have decomposition group A. 
Remark B.4. There remains the question which finite groups precisely have local
dimension 1 (over a given number field). Theorem B.1 reduces the candidate groups
to the class of groups in which all Sylow subgroups are cyclic or generalized quater-
nion (see, e.g., [5, Chapter XI, Theorem 11.6]). In [21], we will reduce the list much
further and in fact achieve a full classification of groups G of local dimension 1 over
(e.g.) real number fields. Over these fields, G is either (a) cyclic of order 2 or odd
prime power order; or (b) a semidirect product C oD of two cyclic groups C,D as
in (a), with faithful semidirect product action.
Remark B.5. It would also be interesting to investigate invariants such as ld or hgd
over fields K other than number fields. Just to give one simple, yet interesting
example: If K = C(x) is the rational function field over C, then any finite group
G has local dimension 1 over K, as a direct consequence of Riemann’s existence
theorem: Indeed, every local extension is now of the form C(((x− c)1/e))/C((x− c))
for some c ∈ P1(C).13 Choose any G-extension L/C(t) in which a representative of
every non-trivial conjugacy class of G occurs as an inertia group generator at some
branch point. Then setting E := L(x), the G-extension E/K(t) reaches all local G-
extensions at all (finite) primes of K, simply by specializing t 7→ x− c with suitable
c ∈ C. On the other hand, [12] shows that (with very few exceptions) E/K(t) is
very far away from reaching all G-extensions of K itself by specialization, suggesting
again a discrepancy between local and parametric dimension in this case.
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